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RICCI CURVATURE OF DOUBLE MANIFOLDS VIA ISOPARAMETRIC
FOLIATIONS
CHIAKUEI PENG AND CHAO QIAN
Abstract. Given a closed manifold M and a vector bundle ξ of rank n over M, by gluing two
copies of the disc bundle of ξ, we can obtain a closed manifold D(ξ, M), the so-called double
manifold.
In this paper, we firstly prove that each sphere bundle S r(ξ) of radius r > 0 is an isopara-
metric hypersurface in the total space of ξ equipped with a connection metric, and for r > 0
small enough, the induced metric of S r(ξ) has positive Ricci curvature under the additional
assumptions that M has a metric with positive Ricci curvature and n ≥ 3.
As an application, if M admits a metric with positive Ricci curvature and n ≥ 2, then we
construct a metric with positive Ricci curvature on D(ξ,M). Moreover, under the same metric,
D(ξ, M) admits a natural isoparametric foliation.
For a compact minimal isoparametric hypersurface Yn in S n+1(1), which separates S n+1(1)
into S n+1
+
and S n+1− , one can get double manifolds D(S n+1+ ) and D(S n+1− ). Inspired by Tang,
Xie and Yan’s work on scalar curvature of such manifolds with isoparametric foliations(cf.
[TXY12]), we study Ricci curvature of them with isoparametric foliations in the last part.
1. Introduction
Let N be a connected complete Riemannian manifold. A non-constant smooth function
f : N → R is called transnormal, if there exists a smooth function b : R → R such that the
gradient of f satisfies |∇ f |2 = b( f ). Moreover, if there exists another function a : R → R
such that the Laplacian of f satisfies △ f = a( f ), then f is said to be isoparametric. The two
equations mean that regular level hypersurfaces are parallel and all have constant mean curva-
ture. Each regular level hypersurface is said to be an isoparametric hypersurface. In [Wa87],
Wang proved that singular level sets are also smooth submanifolds, the so-called focal sub-
manifolds. Recall that an isoparametric foliation on a Riemannian manifold N is defined by
the whole family of regular level hypersurfaces together with focal submanifolds of an isopara-
metric function(cf. [Wa87], [GT13] and [QT15]). Equivalently, an isoparametric foliation is a
singular Riemannian foliation all of whose regular leaves are hypersurfaces with constant mean
curvature(cf. [GQ15]). For instance, the orbits of an isometric cohomogeneity one action on
N form an isoparametric foliation, the so-called homogeneous isoparametric foliation. Hence,
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isoparametric foliations can be regarded as a geometric generalization of cohomogeneity one
actions.
E. Cartan was the pioneer who made a comprehensive study of isoparametric hypersur-
faces in real space forms, especially in the unit spheres. Particularly, he proved that isopara-
metric hypersurfaces in real space forms are equivalently hypersurfaces with constant principal
curvatures and obtained the classification results for the Euclidean and hyperbolic cases. For
the spherical case, if the number of distinct principal curvatures is no more than 3, then he
showed that the isoparametric hypersurfaces must be homogeneous. Given an isoparametric
hypersurface Yn in S n+1(1), let η be a unit normal vector field, g the number of distinct principal
curvatures, cot θα (α = 1, 2, · · · , g; 0 < θ1 < θ2 < · · · < θg < pi) the principal curvatures with
respect to η and mα the multiplicity of cot θα. Under this setting, H. F. Mu¨nzner [Mu¨80] proved
that θα = θ1 + α−1g pi, mα = mα+2(indices mod g), and there exists a homogeneous polynomial
F : Rn+2 → R of degree g, the so-called Cartan-Mu¨nzner polynomial, satisfying

|∇EF|2 = g2r2g−2, r = |x|,
△EF = m2−m12 g2rg−2,
where m1 and m2 are the two multiplicities, and ∇E ,△E are Euclidean gradient and Laplacian,
respectively. It follows that f = F|S n+1(1) is an isoparametric function on S n+1(1) with Im f =
[−1, 1], and M± = f −1(±) are two focal submanifolds with codimension m1 + 1 and m2 + 1
in S n+1(1) respectively. Moreover, based on this global structure, he obtained the splendid
result that g = 1, 2, 3, 4 or 6. Owing to E. Cartan and H. F. Mu¨nzner, the classification of
isoparametric hypersurfaces with 4 or 6 principal curvatures in unit spheres is an intriguing
problem in submanifold geometry. Up to now, isoparametric hypersurfaces with 4 principal
curvatures in unit spheres have been classified except for one case(cf. [CCJ07], [Im08] and
[Ch13]). For recent progress and application in this subject, we refer to [GX10], [TY13],
[QT14] and [TY15].
One of the fundamental problems in Riemannian geometry is to investigate Riemannian
manifolds with special curvature properties, especially manifolds with positive scalar, Ricci or
sectional curvatures. For the scalar curvature case, due to the surgery theory of Schoen-Yau
[SY79] and Gromov-Lawson [GL80], simply connected manifolds with positive scalar curva-
ture are well understood. Motivated by Schoen-Yau and Gromov-Lawson surgery theory, Tang,
Xie and Yan in [TXY12] obtained the following theorem based on the theory of isoparametric
hypersurfaces in unit spheres.
Theorem 1.1. ([TXY12]) Let Yn be a compact minimal isoparametric hypersurface in S n+1(1),
n ≥ 3, which separates S n+1(1) into S n+1+ and S n+1− . Then each of the doubles D(S n+1+ ) and
D(S n+1− ) admits a metric of positive scalar curvature. Moreover, there is still an isoparametric
foliation in D(S n+1+ ) (or D(S n+1− )).
In this paper, we will study Ricci curvature properties of double manifolds D(S n+1+ ) and
D(S n+1− ) together with isoparametric foliations. We start with a general setting. Let ξ be a vector
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bundle of rank n over a closed manifold M. Given two copies of the disc bundle B(ξ) over M
with boundary the sphere bundle S (ξ), we define the double manifold D(ξ, M) := B(ξ)⊔id B(ξ),
where id : S (ξ) → S (ξ) is the identity map. For instance, D(S n+1+ )  D(ν(M+), M+) and
D(S n+1− )  D(ν(M−), M−), where ν(M+) and ν(M−) are the normal bundles over the focal
submanifolds M+ and M− of isoparametric hypersurface Yn in S n+1(1), respectively.
To consider the Ricci curvature properties of double manifolds, we firstly obtain the fol-
lowing result.
Theorem 1.2. Let ξ be a Riemannian vector bundle of rank n over a closed Riemannian mani-
fold (M, ds2M). Given a connection metric on E, then each sphere bundle S r(ξ) of radius r > 0
is an isoparametric hypersurface in E. Moreover, assume (M, ds2M) has positive Ricci curvature
and n ≥ 3, then, for sufficient small r > 0, the sphere bundle S r(ξ) of radius r > 0 with the
induced metric in E has positive Ricci curvature.
Remark 1.1. Actually, for sufficient small r > 0, the sphere bundle S r(ξ) of radius r with
the induced metric in E has positive scalar curvature without the assumption that (M, ds2M) has
positive Ricci curvature.
Remark 1.2. Theorem 1.2 and Remark 1.1 generalize Theorem 1 and Theorem 3 in [KS00](also
see [Na79]).
As an application of Theorem 1.2, we can prove
Theorem 1.3. Assume n ≥ 2, and the closed manifold M has a metric with positive Ricci
curvature. Then the double manifold D(ξ, M) admits a metric with positive Ricci curvature,
and meanwhile a natural isoparametric foliation.
Remark 1.3. By the assumption that M has a metric with positive Ricci curvature, it follows
from Bonnet-Myers theorem that pi1M is finite. Then, by Van Kampen’s theorem, pi1D(ξ, M) is
isomorphic to pi1M, and is also finite.
At last, combining with Theorem A in [GZ02] and Theorem 1.3, we can infer the follow-
ing result, which improves Theorem 1.1 in [TXY12].
Theorem 1.4. Let Yn be a compact isoparametric hypersurface in a unit sphere S n+1(1) with
4 distinct principal curvatures and multiplicities (m1,m2)(assume m1 ≤ m2), and M± the focal
submanifolds of Yn with codimension m1 + 1 and m2 + 1 in S n+1(1) respectively.
(1). (m1,m2) = (1, k): The double manifold D(S n+1+ ), associated with M+ which is diffeo-
morphic to the Stiefel manifold Vk+2,2, admits a metric with positive Ricci curvature and a
homogeneous isoparametric foliation. However, the double manifold D(S n+1− ), associated with
M− which is diffeomorphic to (S 1 × S k+1)/Z2, only admits a metric with nonnegative Ricci
curvature and a homogeneous isoparametric foliation.
(2). 2 ≤ m1 ≤ m2: Both of the resulting double manifolds D(S n+1+ ) and D(S n+1− ) admit metrics
with positive Ricci curvature, and also natural isoparametric foliations.
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Remark 1.4. For case (m1,m2) = (1, k), by Van Kampen’s theorem, pi1D(S n+1− ) = pi1(S 1 ×
S k+1)/Z2 = Z(cf. [CR85], [QT14a]). Hence, according to Bonnet-Myers theorem, D(S n+1− )
can not admit a metric with positive Ricci curvature in this case.
Remark 1.5. The natural isoparametric foliations constructed in Theorem 1.4 are foliated dif-
feomorphic to the ones constructed in Theorem 1.1 of [TXY12]. For the definition of foliated
diffeomorphism, we refer to [Ge14] and [GQ15].
2. Geometry of vector bundles and associated sphere bundles
In this paper, we shall make use of the following convention on the ranges of indices:
1 ≤ A, B,C, ... ≤ m + n, 1 ≤ i, j, k, ... ≤ m,
m + 1 ≤ α, β, γ, ... ≤ m + n,m + 1 ≤ a, b, c, ... ≤ m + n − 1.
Generally, let (N, ds2N) be a Riemannian manifold of dimension m + n. Choose a lo-
cal orthonormal frame e1, · · · , em+n, and let θ1, · · · , θm+n be the dual frame such that ds2N =∑m+n
A=1(θA)2. Then we have the first and second structural equations:

dθA = θAB ∧ θB, θAB + θBA = 0,
dθAB = θAC ∧ θCB − ΘAB,
where θAB are the connection 1-forms, and ΘAB = 12 KABCDθC ∧ θD are the curvature 2-forms
with KABCD the components of the curvature tensor.
In this section, we will consider the geometry of vector bundles and sphere bundles. Let
(M, ds2M) be a m-dimensional closed Riemannian manifold, and ξ a Riemannian vector bundle
of rank n over M with total space E and projection pi : E → M. For our purpose, we fix a
metric 〈·, ·〉 on ξ and choose a connection D compatible with 〈·, ·〉.
Let U be an open neighborhood in M, and ds2M |U =
∑m
i=1(ωi)2, where ω1, ..., ωm are 1-
forms on U. Then the structural equations of (M, ds2M) are given by

dωi = ωi j ∧ ω j, ωi j + ω ji = 0,
dωi j = ωik ∧ ωk j −Ωi j,
where ωi j are connection 1-forms, and Ωi j = 12Ri jklωk ∧ωl are the curvature 2-forms with Ri jkl
the components of the curvature tensor.
Assume U is small enough such that ξ|U is trivial, we can choose orthonormal cross sec-
tions em+1, ..., em+n on U for ξ, i.e. 〈eα, eβ〉 = δαβ, and ΨU : U × Rn → pi−1(U) is the local
trivialization given by ΨU(p, v1, ..., vn) = ∑m+nα=m+1 vαeα(p). Then Deα = ωαβeβ, where (ωαβ)
is the matrix expression of the connection D. Note that D is compatible with 〈·, ·〉 means that
(ωαβ) is skew-symmetric. The curvature 2-forms Ωαβ of the connection D are determined by
dωαβ = ωαγ ∧ ωγβ −Ωαβ, where Ωαβ = 12Rαβi jωi ∧ ω j.
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Define θi := pi∗ωi and θα := dvα + vβωβα. Then ds2ξ = (θi)2 + (θα)2 is a well-defined
Riemannian metric on E, i.e., the so-called connection metric(cf. [Je73], [Na79]). For con-
venience, we give the formulae of connection 1-forms θAB and curvature 2-forms ΘAB of the
connection metric in the following by making use of the moving frame method.
Proposition 2.1. The connection 1-forms θAB are determined by
θi j = pi∗ωi j + Ai jαθα,
θiα = Ai jαθ j,
θαβ = ωαβ,
and the curvature 2-forms ΘAB are given by
Θi j = Ωi j − AikαA jlαθk ∧ θl − Ai jαAklαθk ∧ θl −
1
2
Rαβi j,kvβθk ∧ θα +
1
2
Rαβi jθα ∧ θβ
+AikαAk jβθα ∧ θβ,
Θiα =
1
2
Rαβi j,kvβθ j ∧ θk +
1
2
Rαβi jθ j ∧ θβ − AikβAk jαθ j ∧ θβ,
Θαβ = −Ai jαAikβθ j ∧ θk + Ωαβ,
where Ai jα = 12Rαβi jvβ, and Rαβi j,k is defined by Rαβi j,kωk := dRαβi j + Rγβi jωγα + Rαγi jωγβ +
Rαβl jωli + Rαβilωl j.
Proof. By using the first and second structural equations and a direct computation. 
As a consequence, we can obtain the components of curvature tensor, which are defined
by ΘAB := 12ΘABCDθC ∧ θD.
Proposition 2.2. The components of the curvature 2-forms ΘAB are given by
Θi jkl = Ri jkl − AikαA jlα + AilαA jkα − 2Ai jαAklα,
Θi jkα = −
1
2
Rαβi j,kvβ,
Θi jαβ = Rαβi j + AikαAk jβ − AikβAk jα,
Θiα jβ =
1
2
Rαβi j − AikβAk jα,
Θiαβγ = 0, Θαβγσ = 0.
Define S r(ξ) := {(p, v) ∈ E | v ∈ pi−1(p), 〈v, v〉 = r2}, the associated sphere bundle of
radius r > 0. At present, we are in the position to prove Theorem 1.2.
Proof of Theorem 1.2:
Proof. At first, observe that the function f : E → R, (p, v) 7→ 〈v, v〉 is a transnormal func-
tion(cf. Theorem 2.2 in [QT15]). Next, we need to compute the principal curvatures of
S r(ξ) ⊂ E for any r > 0. On pi−1(U), r2 = ∑α v2α. Define uα := vαr . For r > 0, η = uα ∂∂vα is
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a natural global normal vector field of S r(ξ) ⊂ E. In order to study the extrinsic geometry of
S r(ξ), we introduce the orthogonal transformation P : Rn → Rn defined by
(Pαβ) =

In−1 − x
T x
1−xn x
T
x xn
 ,
where x = (um+1, . . . , um+n−1) and xn = um+n. Choose the moving frame {ϕi, ϕa, ϕm+n} by
ϕi = θi and ϕα = Pαβθβ. Particularly, ϕm+n = uαθα = dr. Therefore, {ϕi, ϕa, ϕm+n} is exactly
the adapted moving frame with respect to S r(ξ) ⊂ E. The associated connection 1-forms (ϕAB)
are given by
(ϕAB) =

ϕi j ϕiα
ϕαi ϕαβ
 =

θi j θiβPβα
Pαβθβi dPαγPγβ + PαγθγδPδβ
 .
It follows that ϕim+n = 0 and ϕam+n = −ϕar . Therefore, for each r > 0, S r(ξ) is an isoparametric
hypersurface in E with constant principal curvatures 0 and − 1
r
with multiplicities m and n,
respectively.
Now, under the assumption (M, ds2M) has positive Ricci curvature and n ≥ 3, we will prove
the induced metric of S r(ξ) ⊂ (E, ds2ξ) has positive Ricci curvature for r > 0 small enough. To
compute the Ricci curvatures of S r(ξ), choose the moving frame {ϕi, ϕa, ϕm+n} of (E, ds2ξ ), and
define ΦAB := 12 KABCDϕC ∧ ϕD for 1 ≤ A, B,C,D ≤ m + n, where ΦAB are curvature 2-forms
of {ϕi, ϕa, ϕm+n}. Then
(ΦAB) =

Φi j Φiα
Φαi Φαβ
 =

Θi j ΘiβPβα
PαβΘβi PαγΘγδPδβ
 .
Define ψi = ϕi|S r(ξ), ψa = ϕa|S r(ξ), then {ψi, ψa} is a moving frame for S r(ξ). Let ψi j, ψia, ψab be
the associated connection 1-forms, and Ψi j,Ψia,Ψab the associated curvature 2-forms respec-
tively. By the Gauss equations of S r(ξ) ⊂ E, it follows that
Ψi j = Φi j |S r(ξ) + ϕim+n ∧ ϕ jm+n|S r(ξ),
Ψia = Φia|S r(ξ) + ϕim+n ∧ ϕam+n|S r(ξ),
Ψab = Φab|S r(ξ) + ϕam+n ∧ ϕbm+n|S r(ξ).
Assume Ψi j = 12Ψi jklψk ∧ ψl + Ψi jkaψk ∧ ψa + 12Ψi jabψa ∧ ψb, Ψia = 12Ψiaklψk ∧ ψl + Ψiakbψk ∧
ψb +
1
2Ψiabcψb ∧ ψc, and Ψab = 12Ψabklψk ∧ ψl + Ψabkcψk ∧ ψc + 12Ψabcdψc ∧ ψd. According to
Proposition 2.1, the Ricci curvature tensor RicS r of S r(ξ) is given by
RicS ri j = Ψik jk + Ψia ja,
RicS ria = Ψikak + Ψibab,
RicS r
ab = Ψakbk + Ψacbc,
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where
Ψik jk = Rik jk − 3AikαA jkα,
Ψia ja = AikαA jkβPαaPβa,
Ψikak =
1
2
Rαβik,kvβPαa,
Ψibab = 0,
Ψakbk = AkmαAkmβPαaPβb,
Ψacbc =
1
r2
δab(n − 2).
Observe that Ai jα = 12Rαβi jvβ =
1
2rRαβi juβ, and the norms of Rαβi j, Rαβi j,k are bounded on M,
since M is a closed Riemannian manifold. By the assumption M has positive Ricci curvature, it
follows that, for r > 0 small enough, the Ricci curvature tensor RicS r is positive definite. And
the proof is complete. 
3. Ricci curvature and isoparametric foliation on double manifold
In this section, we will prove Theorem 1.3. The key observation is the following fact in
[TXY12].
Proposition 3.1. ([TXY12]) Let ξ be a vector bundle of rank n over M of dimension m and
D(ξ, M) the double manifold by gluing two copies of disc bundle of ξ. Then D(ξ, M) is diffeo-
morphic to S (ξ ⊕ 1), where S (ξ ⊕ 1) is the sphere bundle of the Whitney sum between ξ and a
trivial line bundle 1.
For convenience, denote the total space of ξ ⊕ 1 by E(ξ ⊕ 1) and the projection also by
pi : E(ξ ⊕ 1) → M. As in Section 2, we fix a metric 〈·, ·〉 on ξ and choose a connection D
compatible with 〈·, ·〉. At present, for the vector bundle ξ ⊕ 1, it is natural to extend the metric
〈·, ·〉 on ξ to ξ⊕1 such that ξ⊕1 is an orthogonal Whitney sum, denoted also by 〈·, ·〉. Moreover,
choose a unit section em+n+1 for the trivial line bundle 1. By demanding that em+n+1 is parallel,
we extend naturally the connection D on ξ to a connection on ξ ⊕ 1, denoted also by D.
Assume U is small enough such that ξ|U is trivial, we can choose orthonormal cross sec-
tions em+1, ..., em+n on U for ξ. Then em+1, ..., em+n, em+n+1 is an orthonormal cross sections on
U for ξ ⊕ 1. Moreover, for m + 1 ≤ α, β ≤ m + n, Deα = ωαβeβ, and Dem+n+1 = 0, where (ωαβ)
is the matrix expression of the connection D. Consequently, ωm+n+1 α = −ωα m+n+1 = 0.
Proof of Theorem 1.3:
Proof. By the assumption, choose the Riemannian metric ds2M on M with positive Ricci cur-
vature. According to Theorem 1.2, for the connection metric on E(ξ ⊕ 1), and for r0 > 0 small
enough, the sphere bundle S r0(ξ ⊕ 1) of radius r0 with the induced metric has positive Ricci
curvature.
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Next, we will construct the natural isoparametric foliation on S r0(ξ ⊕ 1). Let f : S r0(ξ ⊕
1) → R be a smooth function such that f (p, v) is the em+n+1-component of v for each point
(p, v) ∈ S r0(ξ ⊕ 1). We will prove that f is an isoparametric function.
Choose an open neighborhood U in M such that ds2M |U =
∑m
i=1(ωi)2, where ω1, ..., ωm are
1-forms on U. Let ωi j and Ωi j be the connection 1-forms and curvature 2-forms, respectively.
Moreover, assume U is small enough such that ξ|U is trivial, and choose orthonormal cross
sections em+1, ..., em+n for ξ|U , with connection 1-forms ωαβ and curvature 2-forms Ωαβ. For
the vector bundle ξ⊕1, we assume em+n+1 is parallel as before, i.e., ωm+n+1 α = −ωα m+n+1 = 0.
Under this local trivialization of (ξ ⊕ 1)|U , for each point (p, v) ∈ (ξ ⊕ 1)|U , we have
v = vαeα + vm+n+1em+n+1. Define θi := pi∗ωi, θα := dvα + vβωβα and θm+n+1 := dvm+n+1. The
connection metric ds2(ξ⊕1) can be expressed as ds
2
(ξ⊕1) = (θi)2 + (θα)2 + (θm+n+1)2. Write uα = vαr
and um+n+1 = vm+n+1r , where r
2
= (vα)2 + (vm+n+1)2. Then, for the sphere bundle S r0(ξ ⊕ 1), the
induced metric ds2S r0 (ξ⊕1) metric can be expressed as
ds2S r0 (ξ⊕1) = (θi)
2
+ r20(duα + uβωβα)2 + r20(dum+n+1)2.
Under this local coordinate system, f (p, v) = r0um+n+1 for (p, v) ∈ S r0(ξ ⊕ 1). It follows that
|∇ f |2 = 1 − f 2
r20
.
To complete the proof, it is sufficient to show the regular hypersurfaces of f have constant
principal curvatures. Write wα = uα√
1−(um+n+1)2
, then
ds2S r0 (ξ⊕1) = (θi)
2
+ r20
(dum+n+1)2
1 − (um+n+1)2
+ r20(1 − (um+n+1)2)(dwα + wβωβα)2.
Using the substitution t = arccos um+n+1 for −1 < um+n+1 < 1, we obtain that
ds2S r0 (ξ⊕1) = (θi)
2
+ r20(dt)2 + r20 sin2 t(dwα + wβωβα)2.
Now, we can choose ϕi = θi, ϕ0 = r0dt, and ϕa = r0 sin tψa such that
m+n−1∑
a=m+1
(ψa)2 = (dwα + wβωβα)2.
Then {ϕ0, ϕi, ϕa} is a moving frame for S r0(ξ ⊕ 1) with ϕ0| f −1(c) = 0 for −r0 < c < r0. Let
ϕ0i, ϕ0a, ϕi j, ϕia, ϕab be the connection 1-forms. To obtain the principal curvatures of f −1(c) ⊂
S r0 (ξ ⊕ 1), it is sufficient to determine the forms ϕ0i and ϕ0a. Define
ϕ0i = hi jϕ j + hiaϕa,
ϕ0a = haiϕi + habϕb,
ϕi j = λi jϕ0 mod{ϕi, ϕa},
ϕia = λiaϕ0 mod{ϕi, ϕa},
ϕab = λabϕ0 mod{ϕi, ϕa}.
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From the first structural equations, we have
dϕ0 = ϕ0i ∧ ϕi + ϕ0a ∧ ϕa,
dϕi = ϕi0 ∧ ϕ0 + ϕi j ∧ ϕ j + ϕia ∧ ϕa,
dϕa = ϕa0 ∧ ϕ0 + ϕai ∧ ϕi + ϕab ∧ ϕb.
By a direct computation, we have
dϕ0 = 0,
dϕi = pi∗ωi j ∧ ϕ j,
dϕa =
cot t
r0
ϕ0 ∧ ϕa mod{ϕi ∧ ϕ j, ϕi ∧ ϕa, ϕa ∧ ϕb}.
It follows that 
hi j = h ji, hia = hai, hab = hba;
hi j = −λi j, hia = −λia;
hai = λia, hab = −λab + cot tr0 δab.
Therefore, ϕ0i = 0 and ϕ0a = cot tr0 ϕa. That is to say, the hypersurface f −1(c) has constant
principal curvatures 0 and − cot t
r0
with t = arccos c
r0
for the unit normal vector field determined
by ϕ0. The proof is complete. 
4. Applications to isoparametric foliation of unit spheres
In this section, based on Theorem 1.3, we will study the Ricci curvature and isoparametric
foliation on double manifolds D(S n+1± ), and prove Theorem 1.4.
Proof of Theorem 1.4:
Proof. Let Yn be a closed isoparametric hypersurface with 4 distinct principal curvatures in
S n+1(1) with two focal submanifolds M+ and M− of codimension m1 + 1 and m2 + 1 in S n+1(1)
respectively(cf. [CR85]). And n = 2(m1 + m2). Without loss of generality, we can assume
m1 ≤ m2.
Case (1). (m1,m2) = (1, k): According to [Ta76], the isoparametric hypersurfaces in this case
must be homogeneous. More precisely, they are the principal orbits of isotropy representation
of the symmetric pair (SO(k+4), SO(2)×SO(k+2)). For the symmetric pair (SO(k+4), SO(2)×
SO(k + 2)), we have the Cartan decomposition o(k + 4) = (o(2) + o(k + 2)) ⊕ p, where p is the
orthogonal complement of (o(2) + o(k + 2)) with respect to the Killing form B of o(k + 4),
and p has the canonical induced inner product. Let S (p) be the unit sphere in p. Then G =
SO(2) × SO(k + 2) acts on p by conjugation and it induces the cohomogeneity one action on
S (p), the principal orbits of which are isoparametric hypersurfaces in this case. Let K+ =
∆SO(2) × SO(k), K− = Z2 · SO(k + 1) and H = Z2 · SO(k) be the closed subgroups of G.
Under the notations of [GZ02], (S (p),G) is a chomogeneity one manifold determined by the
group diagram H ⊂ K+,K− ⊂ G. The two focal submanifolds(singular orbits) M+ and M− are
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determined by M+ = G/K+  Vk+2,2, the Stiefel manifold of 2-orthonormal frames in Rk+2,
and
M− = G/K−  (S 1 × S k+1)/Z2 = (S 1 × S k+1)/(θ, x) ∼ (θ + pi,−x).
Thus, the double manifold D(S n+1+ ) has an induced cohomogeneity one action by G with group
diagram H ⊂ K+,K+ ⊂ G. By Van Kampen’s theorem, pi1D(S n+1+ )  pi1M+ = Z2 if k = 1,
and pi1D(S n+1+ )  pi1M+ = {0} if k > 1. It follows from Theorem A in [GZ02] that D(S n+1+ )
admits an invariant metric with positive Ricci curvature. Meanwhile, the principal orbits are
homogeneous isoparametric hypersurfaces. For the case of D(S n+1− ), it has the cohomogeneity
one action by G with group diagram H ⊂ K−,K− ⊂ G. By Van Kampen’s theorem again,
pi1D(S n+1− )  pi1M− = Z. Thus, by Theorem A in [GZ02], D(S n+1− ) only admits an invariant
metric with nonnegative Ricci curvature, and a homogeneous isoparametric foliation.
Case (2). 2 ≤ m1 ≤ m2: According to [Mu¨80], both of the focal submanifolds are minimal
submanifolds in S n+1(1). Moreover, for any unit normal vector η of M+( respectively M− ),
the principal curvatures of the shape operator Aη are 1,−1, 0. To complete the proof, it is
sufficient to only consider M+ and prove the induced metric of M+ in S n+1(1) has positive
Ricci curvature. Choose a local adapted moving frame {ei, eα} of M+ for 1 ≤ i ≤ m1 + 2m2 and
m1 + 2m2 + 1 ≤ α ≤ n + 1, where ei’s are tangent to M+ and eα’s are normal to M+. Then, by
the Gauss equation, for each unit tangent vector X of M+, the Ricci curvature RicM+ is given
by
RicM+ (X, X) = 2m2 + m1 − 1 −
∑
α
〈AαX, AαX〉.
For any unit normal vector η of M+, the principal curvatures of the shape operator Aη are
1,−1, 0. It follows that 〈AαX, AαX〉 ≤ 1. Therefore, RicM+ (X, X) ≥ 2(m2 − 1) > 0 if m2 ≥ 2.
Now, the proof is complete. 
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